Let / be a continuous map of a closed, bounded interval into itself. A criterion is given to determine whether or not /has a periodic point whose period is not a power of 2, which just depends on the periodic orbits of / whose period is a power of 2. Also, a lower bound for the topological entropy of / is obtained.
A. N. Sarkovskiï has proven that if m is to the left of n (in the above ordering) and/has a periodic point of period n, then/has a periodic point of period m (see [6] or [7] ). This theorem suggests that the following property implies a rich orbit structure:
(l)/has a periodic point whose period is not a power of 2. This suggestion is supported by the fact that (1) implies the following: (2)/has a homoclinic point (see [1] ); (3)/has positive topological entropy (see [1] , [2] , or [7] ). Also, (2) is equivalent to (1) (see [1] ) and it has been conjectured (and proved for a special case in [3] ) that (3) is equivalent to (1) .
In this paper we give a criterion for determining whether or not / satisfies (1) which just depends on the periodic orbits of / whose period is a power of 2. In the process we obtain a lower bound for topological entropy. The criterion we give is based on the following definition. is a power of 2 and m > 2. We say F is simple if for any subset {qx, . . . , q") of F where n divides m and n > 2, and any positive integer r which divides m, such that {a,, . . ., a"} is periodic orbit of f with a, < a2 < • • • < a", we
The reader may wish to see §4 where the definition of "simple" is discussed for a periodic orbit of period 8, and some examples are given.
Our main results are the following: (In this paper we include 1 = 2° as a power of 2.)
Theorem A. Let f G C°(I, I), f has a periodic point whose period is not a power of 2 if and only iff has a periodic orbit of period a power of 2 which is not simple.
Theorem B. Let f E C°(I, I
). Suppose f has a periodic orbit P of period m (where m = 2k for some k > 2) which is not simple. Then f has a periodic point of period 3 • 2k~2.
The proof of Theorems A and B uses some results of [6] and [7] which will be stated in §2. Stefan in [7] also obtains the following result which improves a theorem of Bowen and Franks (see [2] ). Theorem C. Let f E C°(I, I) and suppose f has a periodic point of period n, where n = 2a • m and m > 3 is odd. Then the topological entropy off is greater than (l/2',)logV/2 .
Thus (using Theorem C) the following is an immediate corollary of Theorem B.
Corollary D. Let f E C°(I, I). Suppose f has a periodic orbit of period m (where m = 2k for some k > 2) which is not simple. Then the topological entropy of f is greater than (l/2*_2)log'V/2 .
Preliminary definitions and results. Let/ G C°(I, I
) and let N denote the set of positive integers. For any n E N, we define/" inductively by/1 = /and /" = / ° /"" '. Let/0 denote the identity map of /.
Let x G /. x is said to be a periodic point of/if/"(x) = x for some n E N. In this case the smallest element of (n G TV: f(x) = x) is called the period of x.
We define the orbit of x to be {/"(x): n = 0,1,2, . . . }. If x is a periodic point we say the orbit of x is a periodic orbit, and we define the period of the orbit to be the period of x. Clearly, if x is a periodic point of period n, then the orbit of x contains n points and each of these points is a periodic point of /of period n.
Note that a periodic point of / is always a periodic point of /" (for any n G N), but the periods may be different. The following proposition (which follows immediately from the definitions) gives an example of this.
Proposition

Let f G C°(I, I
). Suppose P is aperiodic orbit of f of period n where n is even. Then there are disjoint subsets Px and P2 of P which are periodic orbits of f2 of period n/2. Now, let F be a periodic orbit of / containing at least two points. Let Let Ft/(/) denote the largest element of F n U(f) and PD(f) denote the smallest element of F n D(f).
We will use the following lemma, proved by Stefan in [7] (see (9) in §B of [7] ).
Lemma 2. Let f G C°(/, /) and let P be a periodic orbit off. If f has a fixed point between Pmin(f) and P^f) (or between PD(f) and Pmax(f)) then f has periodic orbits of every period.
The following corollary to Lemma 2 also appears in [7] . Lemma 3. Let f E C°(I, I) and let P be a periodic orbit of f. If PD(f) < Py(f) then f has periodic orbits of every period.
Proof. Suppose PD(f) < Pv(f). Since f(PD(f)) < PD(f) and f(PrAf)) > Pv(f), f has a fixed point between PD(f) and P¡j(f). Thus, the hypothesis of Lemma 2 is satisfied. Q.E.D. Q.E.D. Lemma 6. Let f E C°(I, I). Let g = fr for some positive integer r which is a power of 2. Suppose there is aperiodic orbit F0 = (a,, . . . , a"} ofg of period n, where n is a power of 2 and n > 2. Suppose qx < q2 < • • • < qn and for some i < n/2 andj < n/2, g(q¡) = ay. Then there is aperiodic orbit P of f of period a power of 2 which is not simple.
Proof. Let F be the orbit of a, with respect to/ Then F is a periodic orbit and F0 c F. Let m be the period of F. We will show that m = n • r.
We claim that, for any positive integer s < r and any ay G F0, f(qf) £ F0. To prove this, suppose that, for some positive integer s < r and some q-E P0, fs(qj) G F0. We may assume (by choosing s smaller if necessary) that, for any positive integer t < s, f'(q¡) £ F0 for i = 1, . . ., n. Note that for k = 0, . . . , n -1, /*(/*'(ft)) = fkr{f(qj)) e F0.
Hence fs(P0) C F0. Since / restricted to F is one-to-one, fs(P0) = F0. Since fr(P0) = F0 and s < r, it follows from the choice of s that s divides r. Now,/J(F0) = F0 implies that some subset F, of F0 is a periodic orbit of fs. Hence f(Px) = Px. Since s divides r,f(Px) = F,. Hence F, = F0. Thus F0 is a periodic orbit of f and a periodic orbit of f. Since r is a power of 2, s divides r, s < r, and F0 has at least two elements, we obtain a contradiction by repeated application of Proposition 1. This contradiction establishes our claim.
Next, we will show that the points a" . . . , q",f(qx), . . . ,/(a"), . . . ,/"»(*,), . . . ,/r"'(ft) are all distinct. Suppose /"(ft) = /*(ft) where 0 < a < r -1, 0 < é < r -1, 1 < i < ft, and 1 <• j < n. We may assume that a < b. By applying f~b to the points/"(a,) and fb(qf), we see that/r"*+a(a,) G F0. Since a < b, r -b + a < r. By our claim above, r -b + a = r. Hence a = b. Again, applying /'-* to the points f(q¡) and fb(qj) we see that f(q¡) -f(qj). Since f restricted to F0 is one-to-one, a, = ay. Hence i = /. 
Proof of Theorems A and B. Lemma 7. Let f E C°(I, I
). Let n > 3 be an odd integer and suppose that f does not have any periodic orbits of period 3. Let P be a periodic orbit of f of period k, where k is a power of 2 and k > 2. Then Py(f) = P¡Af) and PDW) = PD(f). Proof . Note that Prj(f) and PD(f") are well defined because F is a periodic orbit off.
Our hypothesis implies that / does not have any periodic orbits of period 3 ■ n. By Lemma 3, P^f) < PD(f). It follows from this (and the definitions of Puif) and Pd(/)) tnat there are no elements of F between Py(f) and Pp(f). Also, by Lemma 3, Pu(f) < PD(f) and there are no elements of F between P^f") and PD(f").
It suffices to prove that P^f") = PtAf). Suppose PyW) ¥= F^/). We have two cases.
APrúÁf)) > Pmín(f) and f(PD(f)) < PD(f), f has a fixed point between P"Jtf) and PD(f). Hence, /" has a fixed point between P^f) = P^f) and PfjW). By Lemma 2, /" has periodic orbits of every period, a contradiction.
Case 2. P^fX P"(f). Then ?"(/")< PD(f) < P^fX PD(f). It follows that / has a fixed point between Pv(f) and Fmax(/), so /" has a fixed point between PD(f") and Fmax(/"). By Lemma 2, /" has periodic orbits of every period, a contradiction.
Lemma 8 Proof. We claim that f(P n U(f)) c F n D(f). Suppose the claim is false. Then for some p0 E P n U(f), f(p0) G F n U(f). Let k be the smallest nonnegative integer with/*(/(/70)) = px. Note that 1 < k < n.
If k is odd then/>! <f(p0) and/* has a fixed point between/», and/(/?0). Now/(/>0) < F^/) and, by Lemma 7, Pj//) = P^f). Hence, /* has a fixed point between P^f*) and Pv(fk). By Lemma 2, /* has periodic orbits of every period. This contradicts our hypothesis.
If k is even then k + 1 is odd, k + I < n, and fk + x(p0) = px. Hence, px <p0 and/*+1 has a fixed point between/), and/?0. By Lemma l,fk + x has a fixed point between Pmin(fk+X) and Pu(fk + X). Again, using Lemma 2, we obtain a contradiction. This establishes our claim that f(P n U(f)) C F n £>(/> By a similar proof, it follows that/(F n D(f)) c F n U(f). Since the restriction of /to F is a bijection it follows that f(p n £/(/)) = F n D(f) and f(p n />(/)) = p n i/(/). In this example F is not simple because condition (1) above does not hold. By Proposition 9, / has a periodic point of period s, where í is odd and 3 < s < 21. By Theorem C of §1, the topological entropy of/is greater than logV2.
Example 3. /(/>,) = p5, f(p2) = p7, f(p3) = p6, f(p4) = p8, f(p5) = p2, f(p6) = Pa>KPi) = F>, and/(/>8) = px.
In this example F is not simple because condition (2) does not hold (since f2(Pi) = Pi)-By Theorem B, / has a periodic point of period 6, and by Corollary D, the topological entropy of/is greater than (^logVÏ .
